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A POSSIBLE COMBINATORIAL POINT FOR XYZ-SPIN CHAIN
A. V. RAZUMOV AND YU. G. STROGANOV
ABSTRACT. We formulate and discuss a number of conjectures on the ground state
vectors of the XYZ-spin chains of odd length with periodic boundary conditions and a
special choice of the Hamiltonian parameters. In particular, arguments for the validity
of a sum rule for the components, which describes in a sense the degree of antiferro-
magneticity of the chain, are given.
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1. INTRODUCTION
The two-dimensional eight-vertex lattice model is closely related to the quantum
one-dimensional XYZ-spin chain. As far as we know, for the first time this was no-
ticed by Sutherland in the paper [1], where it was shown that the Hamiltonian of the
periodic XYZ-spin chain
HXYZ = −12
N
∑
j=1
[Jxσ
x
j σ
x
j+1 + Jyσ
y
j σ
y
j+1 + Jzσ
z
j σ
z
j+1] (1.1)
commutes with the transfer-matrix of the periodic eight-vertex model if the weights
of the latter are chosen in a special way. In distinction to the six-vertex model and
the related to it quantum XXZ-spin chain, which is also described by the Hamiltonian
(1.1) with the condition Jx = Jy, the eight-vertex model and the XYZ-spin chain cannot
be solved via the Bethe ansatz. In 1971, Baxter proposed and used for investigation
of these models an alternative method with the help of which he succeeded to find
the partition function of the eight-vertex model in the thermodynamic limit [2, 3]. In
the same year he established a connection of the Hamiltonian (1.1) and the logarithmic
derivative of the commuting family of transfer-matrices of the eight-vertex model over
the spectral parameter, and found the ground state energy per site of the XYZ-spin
chain in the limit of infinite number of sites [4, 5].
In the paper [5], Baxter remarked also that the ground state energy of the XYZ-spin
chain per site in the limit of infinite number of sites has a simple form
lim
N→∞
E
N
= −1
2
(Jx + Jy + Jz), (1.2)
1
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if the parameters Jx, Jy and Jz satisfy the relation
Jx Jy + Jy Jz + Jz Jx = 0 (1.3)
and belong to the domain
Jx + Jy + Jz > 0. (1.4)
Later, he established that the inversion relations for the eigenvalues of the commut-
ing family of the transfer-matrices of the eight-vertex model have in this case a very
simple solution even for the chains of finite length [6]. Note that not for any solution
of the inversion relations there is a corresponding eigenvector. However, if an eigen-
vector corresponding to the solution found by Baxter exists, it is an eigenvector of the
Hamiltonian (1.1) with the eigenvalue
E = −N
2
(Jx + Jy + Jz), (1.5)
which is in the remarkable agreement with the formula (1.2).
As was noticed by one of the authors of the present paper [7], an eigenvector cor-
responding to the solution of the inversion relations found by Baxter exist for N =
1, 3, 5, 7, but for N = 2, 4, 6 there is now such a vector. This allowed to formulate a con-
jecture that the vector under consideration exists only for the chains of odd length and
in this case it is a ground state of the system. The validity of this conjecture for the case
of the XXZ-spin chain was established in the papers [8, 9, 10]. The corresponding ex-
plicit solution of the Baxter’s TQ-equations also was found [11, 12], that, in particular,
allowed to find expressions for the simplest correlation functions [13, 14].
In the limit of the XXZ-spin chain we can without loss of generality choose the en-
ergy scale for which Jx = Jy = 1, then it follows from the relation (1.3) that Jz = −1/2.
Here the matrix elements of the Hamiltonian (1.1) with respect to a natural basis,
formed by the eigenvectors of the operators σzj , are rational numbers, and the ground
state energy is the rational number −3N/4. It is clear that in this case we can nor-
malize the ground state vector so that its components are integers. We found that for
all odd N ≤ 17 the components are positive integers [15]. It appeared also that some
components and some sums of the components are hypothetically related to enumer-
ations of the alternating-sign matrices [15, 16]. Some of the conjectures formulated in
the paper [15] have been proved already [16, 17, 18, 19], and some of them have been
generalized to the case of different boundary conditions [20, 21].
The present paper is devoted to investigation of the XYZ-spin chain. Assuming that
the conditions (1.3) and (1.4) are satisfied, we found the explicit form of an eigenvector
of the Hamiltonian HXYZ with the eigenvalue (1.5) for all odd N ≤ 19. The obtained
data allowed us to suggest a number of conjectures on the properties of the vector un-
der consideration. In particular, as for the case of the XXZ-spin chain, we succeeded
to trace a connection to combinatorial objects. We give also arguments for the validity
of a sum rule for the components, which describes in a sense the degree of antiferro-
magneticity of the chain.
It would be interesting to find for the case under consideration the corresponding
solution to the Baxter’s TQ-equations. Till nowwe have not succeeded in it. A promis-
ing advance in this direction are the papers by Bazhanov and Mangazeev [22, 23],
where, in particular, a recursive procedure to construct the solution is proposed.
A POSSIBLE COMBINATORIAL POINT FOR XYZ-SPIN CHAIN 3
2. EIGHT-VERTEX MODEL AND XYZ-CHAIN
We use the parameterization of the Boltzmann weights of the eight-vertex model
proposed by Baxter [3]. It has the form
a(v; ρ, η, k) = ρ Θ(2η)Θ(v− η)H(v+ η), (2.1)
b(v; ρ, η, k) = ρ Θ(2η)H(v− η)Θ(v+ η), (2.2)
c(v; ρ, η, k) = ρ H(2η)Θ(v− η)Θ(v+ η), (2.3)
d(v; ρ, η, k) = ρ H(2η)H(v− η)H(v+ η), (2.4)
where Θ(v) and H(v) are Jacobi theta functions. The necessary relations for the Ja-
cobi’s theta and elliptic functions can be found in the book by Baxter [24]. There are
four parameters in all: v — a spectral parameter, ρ — a normalizing factor, η — a pa-
rameter, sometimes called the crossing-parameter, and the nome k of theta-functions.
We assume that the parameters ρ, η and k as fixed and omit explicit indication of the
dependence on them.
It is useful to have in mind that
a(η) = c(η) = ρ Θ(0)H(2η)Θ(2η), b(η) = d(η) = 0, (2.5)
and that the following combinations of the weights do not depend on the spectral
parameter:
a2 + b2 − c2 − d2
ab
= 2 cn(2η)dn(2η), (2.6)
cd
ab
= k sn2(2η). (2.7)
Here and below sn(v), cn(v) and dn(v) are Jacobi elliptic functions.
The family of transfer-matrices T (v), constructed with the help of the weights (2.1)–
(2.4), has the property
[T (v), T (v′)] = 0
for all v and v′ [2, 3]. It means that we can look for vectors |Ψ〉 which do not depend
on v and satisfy the relation
T (v)|Ψ〉 = T(v)|Ψ〉,
where T(v) is some function of the spectral parameter. Slightly abusing terminology,
we say that |Ψ〉 is an eigenvector of the transfer-matrix with the eigenvalue T(v).
Aswas shown by Baxter [5], the Hamiltonian of the XYZ-spin chain is closely related
to the logarithmic derivative of the transfer-matrix of the eight-vertex model over the
spectral parameter v at the point v = η. Literally repeating his calculations, we obtain
T −1(η) T ′(η) = N
2 a(η)
(a′(η) + c′(η))
+
1
2 a(η)
N
∑
j=1
[(b′(η) + d′(η)) σxj σ
x
j+1+ (b
′(η)− d′(η)) σyj σ
y
j+1+ (a
′(η)− c′(η)) σzj σzj+1],
where prime denotes the derivative over the spectral parameter. Thus,
T −1(η) T ′(η) = N
2 a(η)
(a′(η) + c′(η))− 1
a(η)
HXYZ, (2.8)
whereHXYZ is given by the formula (1.1) with
Jx = b
′(η) + d′(η), Jy = b′(η)− d′(η), Jz = a′(η)− c′(η). (2.9)
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These relations describe the correspondence between the three fixed parameters of
the eight-vertex model and the three parameters of the Hamiltonian of the XYZ-spin
chain.
We discuss the simplest symmetry properties of the Hamiltonian HXYZ. We use the
orthonormal basis, formed by the vectors |µ1µ2 . . . µN〉 such that
σzj |µ1µ2 . . . µj . . . µN〉 = µj|µ1µ2 . . . µj . . . µN〉.
Thus, the quantities µj take values +1 and −1. If µj = +1, we say that the j-th spin is
up. Similarly, if µj = −1, we say that the j-th spin is down. It is often convenient to
write just + or − instead of +1 or −1 respectively.
First of all, we note that the Hamiltonian HXYZ is invariant with respect to shifts
by one site of the chain to the right or to the left. For definiteness we consider left
shifts. The operator S , implementing this shift can be defined by its action on the
basis vectors:
S|µ1µ2 . . . µN〉 = |µ2 . . . µNµ1〉. (2.10)
The shift invariance of the HamiltonianHXYZ is expressed by the fact that it commutes
with the operator S .
It is not difficult to get convinced that the Hamiltonian HXYZ is also invariant with
respect to rotations about any coordinate axis by the angle pi. First consider rotations
about the z-axis. The generator of these rotations is
Σz =
1
2
N
∑
j=1
σzj .
Hence, the operator exp(ipiΣz) commutes with the HamiltonianHXYZ. The basis vec-
tors |µ1µ2 . . . µN〉 are eigenvectors of the operator N/2+ Σz with the eigenvalue equal
to the number of up spins, and the operator
P = (−1)N/2+Σz = (−1)Nσz1σz2 . . . σzN (2.11)
gives the parity of the number of up spins. Since
P = exp(ipiN/2) exp(ipiΣz),
the operator P also commutes with the Hamiltonian HXYZ. Therefore, we can look
for eigenvectors of the Hamiltonian restricting ourselves to the sectors with a definite
parity of the number of up spins.1
In a similar way, considering rotations by the angle pi about the x-axis, we conclude
that the operator
I = σx1 σx2 . . . σxN, (2.12)
inverting the direction of all spins, commutes with the Hamiltonian of the chain.
Hence, if |Ψ〉 is an eigenvector of the Hamiltonian HXYZ, then the vector I|ψ〉 is also
an eigenvector with the same eigenvalue. In particular, if the length of the chain is
odd, then any eigenvalue is, at least doubly, degenerate.
Rotations by the angle pi about the y-axis can be represented as combinations of
rotations by the angle pi about the x-axis and the z-axis. Therefore, consideration of
these rotations do not lead to additional conclusions on eigenvectors and eigenvalues
of the HamiltonianHXYZ.
1Certainly, as an alternative, we can fix the parity of the number of down spins.
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3. SIMPLE EIGENVALUE
In this section, using the connection with the eight-vertex model, we give arguments
supporting that in the case when the condition (1.3) is satisfied and N is odd, the
HamiltonianHXYZ has an eigenvector with the eigenvalue (1.5).
We rewrite the condition (1.3) in terms of the fixed parameters of the eight-vertex
model. To this end, we first rewrite the equalities (2.6) and (2.7) in a slightly modified
form:
a2 + b2 − c2 − d2 = 2 cn(2η)dn(2η) ab,
cd = k sn2(2η) ab,
differentiate them over the spectral parameter v and put v = η. Taking into account
the equalities (2.5), we obtain
a′(η)− c′(η) = cn(2η)dn(2η) b′(η), (3.1)
d′(η) = k sn2(2η) b′(η). (3.2)
Hence, we can write the relations (2.9) in the form
Jx = [1+ k sn
2(2η)]b′(η), Jy = [1− k sn2(2η)]b′(η), Jz = cn(2η)dn(2η)b′(η)
and see that the equality
Jx Jy + Jy Jz + Jz Jx = [1− k2 sn4(2η) + 2 cn(2η)dn(2η)]b′2(η)
is valid. Thus, the quantities Jx, Jy and Jz satisfy the relation (1.3) either if b
′(η) = 0 or
if
1− k2 sn4(2η) + 2 cn(2η)dn(2η) = 0. (3.3)
In the case when b′(η) = 0, we obtain trivial values of Jx, Jy and Jz. Assuming that η is
real, one can show up to periodicity that the equality (3.3) is valid only at η = ±2K/3
and at η = ±4K/3, where K is the complete elliptic integral of the first kind. Here the
obtained values of Jx, Jy and Jz do not depend on the choice of a possible value of η.
Now we consider the inversion relations which should be satisfied by the eigenval-
ues of the transfer-matrix [25, 26]:
T(v− η) T(v+ η) = φN(v− 2η)φN(v+ 2η) + φN(v)P(v). (3.4)
Here the eigenvalue of the transfer-matrix T(v) and the function P(v) are some quasi-
periodic entire functions of order N, and
φ(v) = ρ Θ(0)H(v)Θ(v).
We stress again that an arbitrary solution to the inversion relations satisfying the nec-
essary quasi-periodicity requirements can be not an eigenvalue of the transfer-matrix
due to absence of the corresponding eigenvector.
In the case when η = ±2K/3 or η = ±4K/3, there are simple solutions to the
inversion relations:
T(v) = φN(v), P(v) = 0 (3.5)
and
T(v) = −φN(v), P(v) = 0. (3.6)
To get convinced in this, it is enough to use the properties
Θ(v± 2K) = Θ(v), H(v± 2K) = −H(v),
which imply
φ(v± 2K) = −φ(v).
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Using this equality, it is not difficult to get convinced that (3.5) and (3.6) are really
solutions to inversion relations (3.4).
It is convenient to have an expression for T(v) in terms of the Boltzmann weights
(2.1)–(2.4). Consider the sum
a(v) + b(v) = ρ Θ(2η)[Θ(v− η)H(v+ η) + Θ(v+ η)H(v− η)].
Dividing the right hand side of this equality by φ(v), we obtain an elliptic function
without poles, i. e., a constant. Assuming that v = 2η, we see that this constant has
the form
Θ(η)H(3η) + Θ(3η)H(η)
Θ(0)H(2η)
,
that in the cases η = 2K/3 and η = −4K/3 is equal to 1, and in the cases η = −2K/3
and η = 4K/3 is equal to −1. Hence,
T(v) = [a(v) + b(v)]N , (3.7)
if for η = 2K/3 and η = −4K/3 we take the solution (3.5), and for η = −2K/3 and
η = 4K/3 the solution (3.6), and
T(v) = (−1)N [a(v) + b(v)]N ,
if for η = 2K/3 and η = −4K/3 we take the solution (3.6), and for η = −2K/3 and
η = 4K/3 the solution (3.5). It is possible to verify that for small values of N only (3.7)
and only for odd N is an eigenvalue of the transfer-matrix.
Conjecture 3.1. At η = ±2K/3 and at η = ±4K/3 the transfer-matrix T (v) of the eight-
vertex model for the case of periodic boundary conditions and an odd number of sites N in the
horizontal direction has an eigenvector with the eigenvalue
T(v) = [a(v) + b(v)]N .
As follows from the equality (2.8), the eigenvalue (3.7) of the transfer-matrix cor-
responds to the eigenvalue −N(a′(η) + 2b′(η) − c′(η)/2 of the Hamiltonian HXYZ.
Using the equalities (2.9), it is not difficult to get convinced that this eigenvalues just
coincides with −N(Jx + Jy + Jz)/2. We fix the energy scale to satisfy the equality
Jx + Jy = 2,
that is consistent with the fixation of the energy scale for the XXZ-spin chain. Intro-
ducing the notation
α = k sn2(2η) (3.8)
and taking into account the relation (3.3), we obtain
Jx = 1+ α, Jy = 1− α, Jz = (α2 − 1)/2. (3.9)
It follows from here that the eigenvalue under consideration has the form
E(α) = −N
2
(Jx + Jy + Jz) = −N
4
(3+ α2).
We denote the Hamiltonian HXYZ with Jx, Jy and Jz, given by the equalities (3.9), by
H(α) and formulate the following conjecture.
Conjecture 3.2. For an odd number of sites N the ground state of the Hamiltonian H(α) is
doubly degenerate and has the energy
E(α) = −N
4
(3+ α2). (3.10)
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It is worth to note a few special values of the parameter α. At α = 0 we have XXZ-
spin chain with Jx = Jy = 1 and Jz = −1/2. At α = ±3 we obtain the XXZ-spin chain
with Jx = Jy = 1 and Jz = −1/2, rotated by the angle pi/2 about the x-axis or the
y-axis. In the case α = 1 we obtain a trivial Hamiltonian H(0) = −∑Nj=1 σxj σxj+1.
In the case when η = ±2K/3 or η = ±4K/3 the inversion relations of the inhomo-
geneous eight-vertex model
T(v− η|v1, . . . , vN) T(v+ η|v1, . . . , vN)
=
N
∏
j=1
[φ(v− vj − 2η)φ(v− vj + 2η)] +
[
N
∏
j=1
φ(v− vj)
]
P(v|v1, . . . , vN).
also have two simple solutions:
T(v|v1, . . . , vN) =
N
∏
j=1
φ(v− vj), P(v|v1, . . . , vN) = 0
and
T(v|v1, . . . , vN) = −
N
∏
j=1
φ(v− vj), P(v|v1, . . . , vN) = 0.
Using argumentation similar to used above, we conclude that the following congec-
ture is very plausible.
Conjecture 3.3. At η = ±2K/3 or at η = ±4K/3 the inhomogeneous transfer-matrix
T (v|v1, . . . , vN) of the eight-vertex model for the case of the periodic boundary conditions and
an odd number of sites N in the horizontal direction has an eigenvector with the eigenvalue
T(v|v1, . . . , vN) =
N
∏
j=1
[a(v− vj) + b(v− vj)]. (3.11)
As in the homogeneous case, since the transfer-matrices T (v|v1, . . . , vN)with differ-
ent values of the spectral parameter v commute, we can assume that the eigenvector
of the Corollary 3.3 does not depend on v.
Concluding this section, note that, using the equalities (2.6) and (2.7), we can write
(3.3) as an elegant condition on the weights
(a2 + ab)(b2 + ab) = (c2 + ab)(d2 + ab),
which we will not use however.
4. CONJECTURES ON PROPERTIES OF COMPONENTS
Thematrix elements of theHamiltonianH(α)with respect to the basis under consid-
eration as well as the eigenvalue E(α) are polynomials in α with rational coefficients.
On can normalize an eigenvector |Ψ(α)〉, corresponding to the eigenvalue E(α), so that
all its components are polynomials in α with integer coefficients.
In the limit of the XXZ-spin chain, when α = 0, the components are simply integers,
and we noticed [15] that they are positive integers and related to enumerations of the
alternating-sign matrices.
In this and the next sections we study the properties of the components for the XYZ-
spin chain and see, in particular, that in this case there are indications of a possible
relation to combinatorial problems as well.
For illustrative purposes we give the explicit expressions for the components of the
vector |Ψ(α)〉 for N = 3, 5 and 7. For each odd N there are two eigenvectors with
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the eigenvalue E(α), which differ by the parity of the number of up spins. We will
use the notation |Ψ(α)〉 for the eigenvector belonging to the sector with positive parity
of the number of up spins. The corresponding vector belonging to the sector with
negative parity of the number of up spins will be denoted |Ψ¯(α)〉. In accordance with
our convention
P|Ψ(α)〉 = |Ψ(α)〉, P|Ψ¯(α)〉 = −|Ψ¯(α)〉,
where the operatorP is defined by the equality (2.11), andwe can assume that |Ψ¯(α)〉 =
I|Ψ(α)〉, where the operator I is defined by the equality (2.12). The components of the
vectors |Ψ(α)〉 and |Ψ¯(α)〉 are connected by the evident relation
Ψ¯µ1µ2...µn(α) = Ψµ¯1µ¯2...µ¯n(α), (4.1)
we we denote µ¯j = −µj. Therefore, we give expressions only for the components of
the vector |Ψ(α)〉.
For the case N = 3 the nonzero components of the vector |Ψ(α)〉 are
Ψ−−−(α) = α, Ψ−++(α) = Ψ+−+(α) = Ψ++−(α) = 1.
Note that for N = 3 the vector |Ψ(α)〉, as well as the vector |Ψ¯(α)〉, is shift invariant.
This is valid for all odd N, at least, up to N = 19.
Conjecture 4.1. The vectors |Ψ(α)〉 and |Ψ¯(α)〉 are shift invariant, i. e., the equality
S|Ψ(α)〉 = |Ψ(α)〉, S|Ψ¯(α)〉 = |Ψ¯(α)〉,
where the operator S is defined by the equality (2.10), is valid.
We give now the expressions for the nonzero components of the vectors |Ψ(α)〉 for
N = 5 and N = 7, which cannot be obtained one from another by a shift of indices:
N = 5
Ψ−−−−−(α) = α + α3, Ψ−−−++(α) = 1+ α2,
Ψ−−+−+(α) = 2, Ψ−++++(α) = 2α;
N = 7
Ψ−−−−−−−(α) = 4α2 + 3α4 + α6, Ψ−−−−−++(α) = 4α + 3α3 + α5,
Ψ−−−−+−+(α) = 7α + α3, Ψ−−−+−−+(α) = 7α + α3,
Ψ−−−++++(α) = 1+ 5α2 + 2α4, Ψ−−+−+++(α) = 3+ 5α2,
Ψ−−++−++(α) = 4+ 3α2 + α4, Ψ−+−−+++(α) = 3+ 5α2,
Ψ−+−+−++(α) = 7+ α2, Ψ−++++++(α) = 3α + 5α3.
We use the normalization under which the components are polynomial in α with min-
imally possible integer coefficients. One can notice immediately that all components
are polynomials with positive coefficients that argues in favor of a possible combinato-
rial interpretation.
Considering the limit of the relation
H(α)|Ψ(α)〉 = E(α)|Ψ(α)〉 (4.2)
as α tends to infinity, it is easy to understand that among the components of the vector
|Ψ(α)〉 the component Ψ−−···−(α) is a polynomial in α of the maximal degree. We
denote this degree by DN. One can notice, that under the used normalization the
coefficient at αDN in Ψ−−···−(α) is equal to 1.
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Conjecture 4.2. For N = 2n + 1 the degree of the polynomial Ψ−−···−(α) is given by the
formula
DN = (N
2 − 1)/8 = n(n+ 1)/2.
Conjecture 4.3. We normalize the vector |Ψ(α)〉 so that
Ψ−−···−(α) = αDN + o(αDN ).
Under such normalization the components of the vector |Ψ(α)〉 are polynomials in α with
positive integer coefficients.
In the limit as α tends to 0 we obtain a ground state vector of the XYZ-spin chain under the
normalization where the minimal component of the vector is equal to 1.
Conjecture 4.4. Under the normalization of Conjecture 4.3, we have for N = 4m+ 1
Ψ−−···−(α) = α(2m+1)m + · · ·+ AV(2m+ 1)2αm,
where AV(2m + 1) is the number of vertically symmetric alternating-sign matrices of order
2m+ 1, and for N = 4m− 1
Ψ−−···−(α) = α(2m−1)m + · · ·+ N8(2m)2αm,
where N8(2m) is the number of cyclically symmetric transpose complement plane partitions
fitting inside a box of size 2m× 2m× 2m.
A formula for AV(2m+ 1) was conjectured by Robbins [27] and proved by Kuper-
berg [28]. We give it in the form borrowed from our paper [29]:
AV(2m+ 1) =
1
2m
m−1
∏
i=0
(6i + 4)!(2i + 1)!
(4i + 3)!(4i + 2)!
.
A formula for N8(2m), having the form
N8(2m) =
m−1
∏
i=0
(3i+ 1)
(6i)!(2i)!
(4i + 1)!(4i)!
,
was proved in the paper by Mills, Robbins and Rumsey [30].
As we already noted, rotations about coordinate axes by the angle pi are symmetry
transformations for the Hamiltonian HXYZ, and, therefore, for the operator H(α). It
appears that consideration of rotations by the angle pi/2 above the coordinates axes,
which are not symmetry transformations, allow to obtain useful information on the
vectors |Ψ(α)〉 and |Ψ¯(α)〉.
First, we consider rotations by the angle pi/2 about the z-axis. The operator
ρz(pi/2) = cos(pi/4) + i σz sin(pi/4) = (1+ i σz)/
√
2
describes rotations of an individual spin, and rotations of the whole chain are de-
scribed by the operator
Rz(pi/2) = ρz1(pi/2) ρz2(pi/2) . . . ρzN(pi/2).
Using the relations
Rz(pi/2) σxj = −σyj Rz(pi/2), Rz(pi/2) σ
y
j = σ
x
j Rz(pi/2),
Rz(pi/2) σzj = −σzj Rz(pi/2),
it is not difficult to show that the equality
Rz(pi/2)H(α) = H(−α)Rz(pi/2) (4.3)
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is valid.
We act on the both sides of the equality (4.2) by the operator Rz(pi/2). Taking into
account the relation (4.3) and changing α to −α, we obtain
H(α) [Rz(pi/2)|Ψ(−α)〉] = E(α) [Rz(pi/2)|Ψ(−α)〉] .
If Conjecture 3.2 is valid, the eigenvalue E(α) in a sector with a definite parity of the
number of up spins is nondegenerate. Taking into account that the operator Rz(pi/2)
does not change the parity of the number of up spins, we conclude that the vector
Rz(pi/2)|Ψ(−α)〉 is proportional to the vector |Ψ(α)〉. It is not difficult to understand
that this is possible only in the case when the components of |Ψ(α)〉 are polynomials in
α of definite parity. We formulate this statement in a more concrete form as a corollary
of our conjectures.
Corollary 4.1. For any odd N we have
Ψµ1...µN(−α) = (−1)DN (−1)(N+µ1+...+µn)/4Ψµ1...µN(α)
= (−1)(N2−1)/8(−1)(N+µ1+...+µn)/4Ψµ1...µN(α).
Considering rotations by the angle pi/2 about the x-axis and the y-axis, we obtain
Rx(pi/4)H(α) = (1+ α)
2
4
H((3− α)/(1+ α))Rx(pi/4), (4.4)
Ry(pi/4)H(α) = (α− 1)
2
4
H((α + 3)/(α − 1))Ry(pi/4). (4.5)
These equalities describe, in particular, the connection of the eigenvectors of theHamil-
tonian of the XXZ-spin chain, corresponding to the case α = 0, and the eigenvectors
of the Hamiltonians of the rotated XXZ-spin chains, corresponding to the cases α = 3
and α = −3.
5. SUM RULES FOR COMPONENTS
In this section we consider the linear and quadratic sums of the components of the
vectors |Ψ(α)〉 and |Ψ¯(α)〉. Before all, we introduce the notation
S1(α) = ∑
µ1,...,µN
Ψµ1...µN(α), S2(α) = ∑
µ1,...,µN
Ψ2µ1...µN(α)
and note that it follows from the relation (4.1) that
∑
µ1,...,µN
Ψ¯µ1...µN(α) = S1(α), ∑
µ1,...,µN
Ψ¯2µ1...µN(α) = S2(α).
The first our observation on the properties of S1(α) and S2(α) is the fact that the poly-
nomial S1(α) almost divides the polynomial S2(α).
Conjecture 5.1. If N = 4m− 1 or N = 4m+ 1 then
S2(α)
S1(α)
=
F(α)
(α + 3)m
,
where F(α) is a polynomial in α.
We consider again rotations by the angle pi/2 about the y-axis and denote
|Φ(α)〉 = Ry(pi/2)|Ψ(α)〉.
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As follows from the relation (4.5), the vector |Φ(α)〉 is an eigenvector of the Hamilton-
ianH(α′) with the eigenvalue E(α′), where
α′ =
α + 3
α− 1.
Assume that Conjecture 3.2 is valid, then |Φ(α)〉 is a linear combination of the vectors
|Ψ(α′)〉 and |Ψ¯(α′)〉. Since
ρy(pi/2) = cos(pi/4) + i σy sin(pi/4) = (1+ i σz)/
√
2,
we have
ρy(pi/2)|+〉 = 1√
2
|+〉 − 1√
2
|−〉, ρy(pi/2)|−〉 = 1√
2
|+〉+ 1√
2
|−〉, (5.1)
therefore
Ry(pi/2)|µ1 . . . µN〉 = 1√
2N
|+ . . .+〉+ . . .+ (−1)(N+µ1+...+µN)/2 1√
2N
| − . . .−〉.
Using this relation, it is not difficult to demonstrate that
|Φ(α)〉 = S1(α)√
2N
[
1
Ψ−···−(α′)
|Ψ(α′)〉+ 1
Ψ¯+···+(α′)
|Ψ¯(α′)〉
]
. (5.2)
It follows from the equalities (5.1) that if |ϕ〉 = ρy(pi/2)|ψ〉, then
∑
µ
ϕµ =
√
2ψ−, ∑
µ
ψµ =
√
2 ϕ+.
Now one can get convinced that
∑
µ1,...,µN
Φµ1...µN(α) =
√
2NΨ−···−(α), ∑
µ1,...,µN
Ψµ1...µN(α) =
√
2NΦ+···+(α). (5.3)
We rewrite the equality (5.2) in terms of the components:
Φµ1...µN(α) =
S1(α)√
2N
[
Ψµ1...µN(α
′)
Ψ−···−(α′)
+
Ψ¯µ1...µN(α
′)
Ψ¯+···+(α′)
]
. (5.4)
Summing over the indices and taking into account the first equality of (5.3) and the
relation (4.1), we obtain the following corollary of our conjectures.
Corollary 5.1. The relation
S1(α)
Ψ−···−(α)
S1(α
′)
Ψ−···−(α′)
= 2N−1, (5.5)
where α′ = (α + 3)/(α − 1), is valid.
Using the explicit form of the components of the vectors |Ψ(α)〉 for odd N ≤ 19, we
conclude that apparently the following congecture is valid.
Conjecture 5.2. The equalities
S1(α) = 2
−(N−3)(N−1)/8 (α − 1)DNΨ−···−(α′),
S1(α
′) = 2(N−1)(N+5)/8 (α − 1)−DNΨ−···−(α),
where α′ = (α + 3)/(α − 1), are valid.
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The matrix ρy(pi/2) is orthogonal, hence,
∑
µ1,...,µN
Φ2µ1...µN(α) = ∑
µ1,...,µN
Ψ2µ1...µN(α). (5.6)
Using the relations (5.6) and (5.4), together with the fact that the components Ψµ1...µN(α)
and Ψ¯µ1...µN(α) are nonzero for different sets of indices, we obtain
2N−1Ψ2−···−(α′) S2(α) = S21(α) S2(α
′).
Proceeding from this and taking into account the equality (5.5), we formulate onemore
corollary.
Corollary 5.2. The equality
S2(α)
S1(α)Ψ−···−(α)
=
S2(α
′)
S1(α′)Ψ−···−(α′)
,
where α′ = (α + 3)/(α − 1), is valid.
If Conjecture 5.2 is valid, this corollary can be reformulated as follows.
Corollary 5.3. The equality
S2(α
′) = 22DN(α − 1)−2DNS2(α),
where α′ = (α + 3)/(α − 1), is valid.
Introducing the notation
S˜2(α) = (α + 1)
−2DNS2(α),
one can formulate the statement of Corollary 5.3 as the statement that the rational
function S˜2(α) is invariant with respect to the linear fractional transformation α →
(α + 3)/(α − 1).
6. CHAIN DEGREE OF ANTIFERROMAGNETICITY
We consider the transfer-matrix T (v|v1, . . . , vN) of the inhomogeneous eight-vertex
model. At vj = 0 the transfer-matrix T (v|v1, . . . , vN) is reduced to the transfer-matrix
of the homogeneous model and its eigenvectors to eigenvectors of the homogeneous
model, which are also eigenvectors of the HamiltonianHXYZ.
Nowwe assume that η = ±2K/3 or η = ±4K/3 and that Conjecture 3.3 is valid. We
perform the transition to the homogeneous case in two steps. First we put v1 = 0 and
vj = v− η, j = 2, . . . ,N, and then put v = η. Let |Ψ(v1, . . . , vN)〉 be an eigenvector of
the transfer-matrix with the eigenvalue given by the relation (3.11), i. e., the equality
T (v|v1, . . . , vN)|Ψ(v1, . . . , vN)〉 =
[
N
∏
j=1
[a(v− vj) + b(v− vj)]
]
|Ψ(v1, . . . , vN)〉
is valid. Assuming that in this equality v1 = 0 and vj = v− η, j = 2, . . . ,N, and having
in mind that b(η) = 0, we obtain
U (v)|Φ(v)〉 = [a(v) + b(v)]|Φ(v)〉, (6.1)
where |Φ(v)〉 = |Ψ(0, v− η, . . . , v− η)〉, and
U (v) = 1
aN−1(η)
T (v|0, v− η, . . . , v− η).
The operator U (v) at v = η coincides with the shift operator defined by the equality
(2.10), while for an arbitrary v it is a shift operator with one defect. Using the standard
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definition of the transfer-matrix, we see that the equation (6.1) is equivalent to the
equations
a(v)Φµµµ3 ...µN(v) + d(v)Φµ¯µ¯µ3...µN(v) = [a(v) + b(v)]Φµµ3 ...µNµ(v), (6.2)
c(v)Φµµ¯µ3...µN(v) + b(v)Φµ¯µµ3...µN(v) = [a(v) + b(v)]Φµµ3 ...µN µ¯(v). (6.3)
Performing in the equalities (6.2) and (6.3) the summation over the indices and adding
the obtained equalities, we obtain
[a(v) + d(v)] ∑
µ,µ3,...,µN
Φµµµ3...µN(v) + [c(v) + b(v)] ∑
µ,µ3,...,µN
Φµµ¯µ3...µN(v)
= [a(v) + b(v)] ∑
µ1 ,µ2,µ3,...,µN
Φµ1µ2µ3...µN(v). (6.4)
Taking into account the identity
∑
µ1,µ2,µ3,...,µN
Φµ1µ2µ3...µN(v) = ∑
µ,µ3,...,µN
Φµµµ3...µN(v) + ∑
µ,µ3,...,µN
Φµµ¯2µ3...µN(v),
we write the equality (6.4) in the form
∑µ,µ3,...,µN Φµµ¯µ3...µN(v)
∑µ,µ3,...,µN Φµµµ3...µN(v)
=
d(v)− b(v)
a(v)− c(v) .
When v tends to η, the vector |Φ(v)〉 tends to the vector |Ψ(α)〉. Using the l’Hoˆpital’s
rule, the relations (3.1)–(3.3) and the notation (3.8), we obtain the last, for this paper,
corollary of our conjectures.
Corollary 6.1.
Ξ(α) =
∑µ,µ3,...,µN Ψµµ¯µ3...µN(α)
∑µ,µ3,...,µN Ψµµµ3...µN(α)
=
2
α + 1
.
The quantity Ξ(α) can be considered as an estimation of the chain degree of antifer-
romagneticity.
7. CONCLUSION
In the present paper we presented first results of studying the eigenvector of the
Hamiltonian of the XYZ-spin chain, corresponding to a simple eigenvalue, which ex-
ists under a special choice of the parameters of the Hamiltonian. It seems very plausi-
ble that this vector is a ground state vector that is confirmed by the results obtained in
the limit of the XXZ-spin chain. Under an appropriate normalization, the components
of the vector under consideration with respect to the natural basis are polynomials
with positive integer coefficients in the only remaining free parameter of the Hamil-
tonian. This allows us to expect some connection with combinatorial problems. A
connection to enumerations of plain partitions already became apparent.
Acknowledgments. We are thankful to P. Di Francesco, V. Pasquier and P. Zinn-Justin
for interesting and useful discussions, and to V. Bazhanov and V. Mangazeev for a
substantial correspondence. The work was supported in part by RFBR grants 07–01–
00234 and 09–01–93107. A.V.R. was also supported in part by RFBR grant 09-01-12123.
14 A. V. RAZUMOV AND YU. G. STROGANOV
REFERENCES
[1] B. Sutherland, Two-dimensional hydrogen bonded crystals without the ice rule, J. Math. Phys. 11 (1970),
3183–3186.
[2] R. J. Baxter, Eight-vertex model in lattice statistics, Phys. Rev. Lett. 26 (1971), 832–833.
[3] R. J. Baxter, Partition function of the Eight-Vertex lattice model, Ann. Phys. 70 (1972), 193–228.
[4] R. J. Baxter,One-dimensional anisotropic Heisenberg chain, Phys. Rev. Lett. 26 (1971), 834–834.
[5] R. J. Baxter,One-dimensional anisotropic Heisenberg chain, Ann. Phys. 70 (1972), 323–337.
[6] R. J. Baxter, Solving models in statistical mechanics, Integrable Systems in Quantum Field Theory
and Statistical Mechanics (M. Jimbo, T. Miwa, and A. Tsuchiya, eds.), Advanced Studies in Pure
Mathematics, vol. 19, Mathematical Society of Japan, Tokyo, 1989, pp. 95–116.
[7] Yu. G. Stroganov, The 8-vertex model with a special value of the crossing parameter and the related XYZ
spin chain, Integrable Structures of Exactly Solvable Two-Dimensional Models of Quantum Field
Theory (S. Pakulyak and G. von Gehlen, eds.), Kluwer, Dortrecht, 2001, pp. 315–319.
[8] X. Yang and P. Fendley, Non-local space-time supersymmetry on the lattice, J. Phys. A: Math. Gen. 37
(2004), 8937–8948, arXiv:cond-mat/0404682.
[9] G. Veneziano and J. Wosiek, A supersymmetric matrix model. III: Hidden SUSY in statistical systems,
JHEP 11 (2006), 030, arXiv:hep-th/0609210.
[10] A. V. Razumov, Yu. G. Stroganov, and P. Zinn-Justin, Polynomial solutions of qKZ equation and
ground state of XXZ spin chain at ∆ = −1/2, J. Phys. A: Math. Theor. 40 (2007), 11827–11847,
arXiv:0704.3542 [math-ph].
[11] V. Fridkin, Yu. Stroganov, and D. Zagier, Ground state of the quantum symmetric finite-size XXZ
spin chain with anisotropy parameter ∆ = 1/2, J. Phys. A: Math. Gen 33 (2000), L121–L125,
arXiv:hep-th/9912252.
[12] V. Fridkin, Yu. Stroganov, andD. Zagier, Finite size XXZ spin chain with anisotropy parameter∆ = 1/2,
J. Stat. Phys. 102 (2001), 781–794, arXiv:nlin/0010021.
[13] Yu. G. Stroganov, The importance of being odd, J. Phys. A: Math. Gen. 34 (2001), L179–L185,
arXiv:cond-mat/0012035.
[14] Yu. G. Stroganov, XXZ spin chain with the asymmetry parameter ∆ = −1/2: Evaluation of the simplest
correlators, Theor. Math. Phys. 129 (1994), 1596–1608.
[15] A. V. Razumov and Yu. G. Stroganov, Spin chain and combinatorics, J. Phys. A: Math. Gen. 34 (2001),
3185–3190, arXiv:cond-mat/0012141.
[16] A. V. Razumov and Yu. G. Stroganov, Bethe roots and refined enumeration of alternating-sign matrices,
J. Stat. Mech. (2006), P07004, arXiv:math-ph/0605004.
[17] N. Kitanine, J. M. Maillet, N. A. Slavnov, and V. Terras, Emptiness formation probability of
the XXZ spin-1/2 Heisenberg chain at ∆ = 1/2, J. Phys. A: Math. Gen. 35 (2002), L385–L388,
arXiv:hep-th/0201134.
[18] N. Kitanine, J. M. Maillet, N. A. Slavnov, and V. Terras, Large distance asymptotic behavior of the
emptiness formation probability of the XXZ spin-1/2 Heisenberg chain, J. Phys. A: Math. Gen. 35 (2002),
L753–L758, arXiv:hep-th/0210019.
[19] P. Di Francesco, P. Zinn-Justin, and J.-B. Zuber, Sum rules for the ground states of the O(1) loop model
on a cylinder and the XXZ spin chain, J. Stat. Mech. (2006), P08011, arXiv:math-ph/0603009.
[20] M. T. Batchelor, J. de Gier, and B. Nienhuis, The quantum symmetric XXZ chain at ∆ =
−1/2, alternating sign matrices and plane partitions, J. Phys. A: Math. Gen. 34 (2001), L265–L270,
arXiv:cond-mat/0101385.
[21] A. V. Razumov and Yu. G. Stroganov, Spin chains and combinatorics: twisted boundary conditions,
J. Phys. A: Math. Gen. 34 (2001), 5335–5340, arXiv:cond-mat/0102247.
[22] V. V. Bazhanov and V. V. Mangazeev, Eight-vertex model and non-stationary Lame´ equation,
J. Phys. A: Math. Gen. 38 (2005), L145–L153, arXiv:hep-th/0411094.
[23] V. V. Bazhanov and V. V. Mangazeev, The eight-vertex model and Painleve´ VI, J. Phys. A: Math. Gen.
39 (2006), 12235–12243, arXiv:hep-th/0602122.
[24] R. J. Baxter, Exactly solved models in statistical mechanics, Academic Press, London, 1982.
[25] R. J. Baxter, Exactly solved models, Fundamental Problems in Statistical Mechanics. V (E. G. D. Co-
hen, ed.), North Holland, Amsterdam, 1980, pp. 109–141.
[26] Yu. G. Stroganov, A new calculation method for partition functions in some lattice models, Phys. Lett. A
74 (1979), 116–118.
[27] D. P. Robbins, Symmetry classes of alternating sign matrices, arXiv:math.CO/0008045.
A POSSIBLE COMBINATORIAL POINT FOR XYZ-SPIN CHAIN 15
[28] G. Kuperberg, Symmetry classes of alternating-sign matrices under one roof, Ann. Math. 156 (2002),
835–866, arXiv:math.CO/0008184.
[29] A. V. Razumov and Yu. G. Stroganov, Refined enumerations of some symmetry classes of alternating-sign
matrices, Theor. Math. Phys. 141 (2004), 1609–1630, arXiv:math-ph/0312071.
[30] W. H. Mills, D. P. Robbins, and H. Rumsey, Alternating sign matrices and descending plane partitions,
J. Comb. Theor. Ser. A 34 (1983), 340–359.
INSTITUTE FOR HIGH ENERGY PHYSICS, 142281 PROTVINO, MOSCOW REGION, RUSSIA
E-mail address: Alexander.Razumov@ihep.ru
INSTITUTE FOR HIGH ENERGY PHYSICS, 142281 PROTVINO, MOSCOW REGION, RUSSIA
E-mail address: Yuri.Stroganov@ihep.ru
